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USE OF AN ORTHOEXPONENTIAL TRANSFORMATION IN THE STUDY OF THE NON-STATIONARY
EQUATIONS OF THERMOELASTICITY AND THERMOVISCOELASTICITY*

R.I. MOKRIK and I.V. OLIYARNIK

A system of orthoexponential polynomials (OEP) orthogonal in the
interval ¢ [0, ) representing a special case of the orthoexponential
Jacobi polynomials /1/ is studied. It is proposed to use the OEP as the
kernels of an integral transformation (the OEP transformation) in time,
since, compared with Laplace transformations, its use simplifies the
procedure for obtaining the originals of the quantities required. The
OEP transformation is used to solve the non-stationary equations of
thermoelasticity and thermoviscoelasticity. The initial equations are
reduced to the corresponding systems of ordinary triangular differential
equations, and their general solutions are constructed.

1. Definitiom. The polynomials oep, (%, f) (x is a non-negative number and n =0,1.2....),
specified in a semi-infinite interval ¢ [0, o) by the relations

0Py (%, 1) = 3 buye™; by = (— 1 (,’:) ("“*"“) 1.1)

k=0 i

are called orthoexponential polynomials (OEP).

The polynomials oep, (%,!) are a special case of the Jacobi OEP p,(,f,t) for o =0
and B =x — 1, whose expressions follow from the classical Jacobi polynamials PE® gy J2/
after the following change of the argument & =2¢t —1, o> —1, B> —1, i.e.

0ep, (¥, t) = = P, (0, % — 1,8) = PPV (2e7 — 1) (1.2)

We will introduce into the discussion the class of functions L, , [0, ) belonging to
Hilbert space, for which the scalar product is given by the relation

G-ey=Swny 10 g at

where 1w (¢#) 1is a function positive in ¢<=[0, «). Here and henceforth the integration is
carried out from zero to infinity, unless stated otherwise. The real-valued function f (i),
t=[0, o) belongs to L, ,{0, <). provided that the condition Sﬁ (tyw (f)dt << o holds.

Since the Jacobi OEP are complete and closed on the interval t< [0, ) and relations
(1.2) hold, it follows that oep, (x,¢t) (rn =0,1,2,...) form an orthogonal system of functions
with weight w(f) =e™, x >0, complete and closed in the class of functions L, , [0, oo).

Let us state some properties of the polynomials oep, (x,t) whose validity follows from
the analogous properties of the polynomials p, (a, f,t) and PP ().

c ) 0, n#k
it _ nk . ! «
Se 08P, (%, 1) 0epy (x, 1) dt = - B = {1, .k (1.3)
oep, (x, £)=1, oep,(x,t) =(x +1)e"—x (1.4)
0@y (%, t) = (dne™ — B,)oep, (x,t) — D,0epn (%, 1), n=12...
4 = et t) 5 A I [t oet —x]
T A DEFR T T (D )0+ 2n— D
D = n(x4+n—1x+2n-+1)
2T Ty D m(x+ 2 —1)
n-+x—1 _
oep, (»,0)=1; lim oep, (x, f) = (-— 1)"( B ): by n=0.1,2,... (1.5)
t—o0 \
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oep (1) = e f L[ —grpenl L =12, (1.6)

E=e

({1.3) is the orthogonality relation, (l.4) are the recurrence relations, (1.5) are the bound-
ary values and (1.6) is an analogue of the Rodrigues formula).

The following differentiation formula holds for oep, (x,8) (n =0, 1, 2, 2 (this is
proved by mathematical induction using the relations (1.4)):
r 00Pg (%, 1) = 0 1.7
n—1
d
27 08Pn (%, 8) = — noepy (x, £) — Y(u + 2k)oepy (e, t), n=1,2,...
K== 0

The expressions for the higher-order derivatives of OEP follow from (1.7).
X
d k=0,1,2,...
dae® oep, (x’- t) = (_" n)k oep, ('Kv t) - (Dknv n = 1, 27 . (18)

n—1

@y, =0, (Dm = 2 (% + 2m) oepy, (x, t)
m=0

n—-1

Dy = — nQyg,n -+ 3 (6 + 2m) [(— )1 00y (3, 2) + (— 1)1 Dy 3, ]
m==0

Assertion. The polynomial oep, (X, t) has n simple zeros in the semi-infinite interval
t= [0, ).

Proof. Let us assume that the polynomial oep, (x,#) changes its sign within the interval
on passing through k points. It is clear that 0< k< n The Assertion will be proved, if
k=n Let us consider the function

1, k=0

. k
Qk(t)— H(e"—e_tj), 0Lk t=l0, )

i=0
Here 1, are points, on passing through which the polynomial oep, (%, {) changes its sign.
Clearly, the product Oy (1) osps (%, ©) ¢! does not change its sign in the interval te|[0, ),
therefore
S e Q, (1) 0op,, (%, 1) dt =+ 0

From this it follows that %= n1n, since when k< n. we have
S e7®t oep, (%, 1) ergr =0

Let us consider the problem of expanding a function belonging to I, ., {0, c0), where

w(t) =ext, x>0, in a series in OEP. 1In /1/ Rau's theorem /3/ was used to prove the theorem
for expanding the function [ (1) & Ly, [0, o0), w(t) = e®+¥ (1 — ), 0> —1, > —1 in a series
in  p, (a, B, 1). By analogy with this theorem, we shall now formulate a theorem for expanding

a function belonging to L, , [0, ), w(t) =¢* in a series in terms of the polynomials oep, (x,
t).

Theorem 1. Let a function  f(f), bounded and continuous in t = [0, s0), have a piecewise
continuous derivative which satisfies the condition lim ¢'f () << o as t— oo. Then the
series

S, ful + 2n)0ep, (0.8) (f = § 70 <t 00p, (2. 1) dt)

n=0

will converge, for x> 0, uniformly to f(!) in every closed interval (& {t), 1] 0 < ¢, <<

t, < o0.
A simple, and therefore important special practical case of the class of OEP, is the

case % = 0.

2. An orthoexponential transformation (an OEP transformation) of a function belonging
to Ly, [0, ), w(t) =e* is described by the following pair of relations:

OWIL{fy = 1, = (etf (1) oepo (s ) B8, [(t) = 3 (x 1- 2n), f, 0P, (3, 1) (2.1)

N==p

We shall call the function f () the original function, or simply the original, and f,
is the mapping of the function 7f (t).

The corresponding transformation for =« = was used successfully when studying non-
stationary processes in elastic and viscoelastic media under the action of impulsive forces*.
(*Mokrik R.I. and Oliyarnik I.V. Combined non- stationary problem of thermoviscoelasticity for
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a half-space. Deposited in UkrNIINTI, 1569, Lvov, 1984).

The idea of obtaining the original in the form of a series in a system of orthogonal
functions was used in the Laguerre transformation /4/, and in the finite-dimensional integral
transformations. There exists, however, an essential difference in the method of utilizing
this idea in the latter transformations and in the Laguerre transformations (see (2.1)).

Let us give some properties of the transformation (2.1). 1In what follows, we shall assume
that f(t) and g (t) are continuously differentiable functions which satisfy the conditions
of Theorem 1.

Linearity. 1If f, is the mapping of the function f({f) and g, of the function g (1),
then F, = af, + bg, will be the mapping of the function F () = af (t)/+ bg (¢) where a, b are
constants.

Mapping of derivative of a function. Let f, be the mapping of the function f(f). Then
there exists a mapping of the function F (t) =f (t) given by the expression

n—1

Fo=(+n)fat 3(x+20H—10) (2.2)

Integration of the original. Let j be the mapping of the function f(f), Then the
mapping F, of the function

t
Fay=\f(@dz
0
will be given by the expression
n—-1

Fo=(x+n)*fo— 3 (% + 2k) Fy] (2.3)

K=0

Forumulas (2.2) and (2.3) are proved using relations (2.1) and integration by parts
taking relations (1.7) into account.

Mapping a convolution of two functions. Let f, be the mapping of the function f(f), and
let &, be the mapping of the function g (tf). Then there exists a mapping k&, of the function

t
r)=\1t—vg®ad
1]
given by the expression

n—1

n n

_— _1 = . P g —

hn = bpn {Z’o fzam {go 8illni kéo ankhk (2.4)
X
Ok = by g‘o (% + 29) axi
i1 i
am=0+h o =lle—p/lle+r+p i>1
j=0 j=o0

where b,, 1is given by (1.1).

Proof. The function k() is continuously differentiable and satisfies the conditions
of Theorem 1. This follows from the corresponding properties of the functions f() and g (),
Therefore bk, exists.

According to the definition (2.1) we have

t
hy = e toepntunat{ 1 —e@ & ={coop, nat{ e —ve®AC-—Ba
0

where H(f) is the Heaviside unit function. Changing the order of integration and following
this by changing the variables in the inner integral, we obtain

= g ®) ™% D00+ 28) £y Ly ()
k=0
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n—k
L, (% t) = S ot oep,, (%, ¢+ ) oep, (% tdt = .20 asn. 13} (%) )
j==

We note that L. (%, §) =0 for k>n. Substituting the value of Ly (x, &) into the ex-
pression for &, and using the expression

m
e""g = Z a:u- oep; (% E)
i=0

we obtain the relation (2.4).

3. We shall illustrate the possibilities of an integral transformation on the equations
of thermoelasticity and thermoviscoelasticity. Small perturbations in a certain unperturbed
thermoelastic or thermoviscoelastic medium are described by the following system of equations:

L, grad divu — Lyrot rot u — Ly grad T = L, (pd,’u — F) 3.1
AT — aM8,T — Lyldiv (du) + Ar W =0, 1 = 1 + 1,8,

Here u is the displacement vector, T is the change in the absolute temperature of the
medium, p is its density, F is the mass force vector, ¥ is a function of the heat sources,
Ar is the thermal conductivity, a is the thermal diffusivity, and ¢ 1is the relaxation
time of the heat flux /5/.

For a thermoelastic medium we have

Ly =ho + 2pa, Ly = o, Ls =70 =0ar (Bho + 2p0), L= 1, (3.2)

Ly = Mo = yoTohs™?

{0\, i, are the Lamé coefficients, o« is the coefficient of linear thermal expansion of the
medium, and 7, is the initial temperature of the medium).
For a thermoviscoelastic medium L,,...,L; are operators of the form

Lig=G+2p)9, Lo =pe9 Ly =ar 3+ (3.3)
+2u0)-9, L =¢
Lo = arhr™'T, 3h + 2p)-¢
t

t -
Mp=rolo—SAE—D0o®d], mo=pfo—Sut—vew®d)
o

0

or

2 R — e - P —_ =
L, = —;' (PyPy + 2PyPy),  Ly=P,P;, Lyg=2P\P,, L;=2P,P, (3.4)
N,
Ly=TAL, Bi= Y a0k, i=1,234 08f=—x
k=0

In order to simplify the algebra we shall restrict ourselves to considering the case of
axisymmetric perturbations in the media in question, in a cylindrical system of coordinates
(r, 9, 2). Then the displacement vector u (u,, 0, u,) and temperature T will be functions of time
t and of two spatial coordinates r and 3. Let us write the displacement vector u in the form

u=1grad® +rot¥; ®=0 (@, rz), ¥=0,¥% 0 (¢r, 2

(CD and ¥ are the scalar and vector potentials). In regions free of mass forces and sources
(F=0, W=0), Egs.(3.1) can be reduced to

LAD — Lpd2® = L,T, L, (A¥Y — r¥) — L,pd2¥ =0
AT — a7 M0, + L, AD =0 (A = 9,2 + rd, + 8,2 (3.5)

Let us carry out, in (3.5), the OEP transformation (2.1) with respect to time ¢, and the
Handel transformation with respect to the radial coordinate r. Taking into account the proper-
ties of the above transformations, we obtain (a prime denotes a derivative with respect to 2)

n—-1 n—l

ch,” - pnq)n - YnTn = 2 Fl (Tk‘ q)k’ (‘Dk”)i \F”” - S"\Fn = kgo F2 (\I’k" \Fk”) (36)
k=0 =
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n—1
Ty — 4oy + M (@, — 820,) = kéo Fy(T5, @, D)
G =B+ @M, b= (¢ 0) [+ G+ n)t,]
L =0 +20) [1 + (& + 0 + k) (0 — k) £,], @ = (¢ + 2K) (0 — k).
®+n+k

The functions @, (§,2), ¥. (8.2, T.(§ 2 (n=0,1,2,...) are given by the formula

(@ W T) (& 2) = $ e 00D, (3, 1) P T (1) (B, ¥, T) .
(¢, 7, 2) dtdr S

i=0 for @, T, i=1 for W;t is the parameter of the Hankel transformation and J, (&)
is an 1-th order Bessel function of the first kind.
The values of the remaining quantities are:

Pn = gz + (K + n)z/clgv Yn = YO/(}"O + 2"‘0)1 Sy = gz + (7‘ + n)z/022
M = Nebpny F1 (. 0) = (’Juk(Dk (&, 7-')/0127 Fo(.)= Oy (8, z)/c22
Fy (o) = Gue a7y (&, 2) — Mo (D" (8, 2) — By (§, 2))]

in the case of thermoelasticity,

4 2 _ Vi
Po=8 gy =P Bh Bo= s
0 0 (BA* + 2u%) 2 (x+n)? = (M, — n*) ¢t
B == Tmer, 0 =¥ Taogy =i
n n
n* = aTTo ——3}". ;”— 2“‘ N A= }"0 Z %khk*i !’l’* =P, Z aﬂkp‘k*
T = (=]

(* M*) = § e ooy (3, 1) (11, 1) (1) dt
Fy(e ) = [(@nx/cr® — E8nx) Pk -+ gnk @i ~ B*T] (1 — gna)™
Fy( o) = [(@nx/ce® — E%mr) ¥ + Yr T'] (1 — Hrn) ™
Fo(o. o) = Lo [@72T 5 — 1 (@) — 82®@y) + axT o (BhoH ) + 210Gy) AT) +
n*trﬂank (q)k” - §2(Dk) b;th

ey (2% o = ol
Bt = Totopg AT oMo

K X

Hy = bix ) o (OF — B*Dy) _Eo i
=0 =
X K

Gy = bir D o (@ — B2Dy) 20 aiphi™®
i=0 =

in the case of thermoviscoelasticity for the relations (3.3), and

NN, . M -1
Pa=E+p X Ai(x+n)*2[3 Bi(x + n)¥|
i=0 i=0
NN, M A NN,
o= D Ci+n) [ DB+ n)i] . =+ x+n)t] 20 Ci(x = n)f
i=0 i=0 LS

N, N, a1
sa=E+20 3 af” (x + n)*2[ 3 af? (x + n)]
i=0 1=20
M = max {N, + N,, N, -+ N;}

for relations (3.4).

The form of the functions F;(...){(j=1,2,3) for a specific model of a viscoelastic body
is determined in accordance with (1.8), (2.2) and (3.4), and the constants A;, B; and (;
are expressed in terms of the constants of the model of a viscoelastic body.

Thus we have reduced the problem of solving the initial system of Egs.(3.5) to that of
solving a sequence of inhomogeneous ordinary differential equations. We note that the right-
hand sides of (3.5) (the inhomogeneous terms) represent a combination of solutions of the
previous equations. Finally we add, that in the case of non-zero initial conditions the right-
hand sides of Egs.(3.6) will contain terms determining the values of the quantities required,
and of their derivatives at the initial instant.
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When the domain of variation of the radial variable r is finite, then a finite-dimen-
sional Hankel transformation should be used instead of the Hankel transformation (3.7). The
end result is again a sequence of inhomogeneous ordinary differential equations.

4. Let us now pass to the problem of constructing a general solution of the system of
Egs.(3.6), which represents a special case of the infinite triangular system of ordinary dif-
ferential equations. A theorem of the existence of a system of fundamental solutions of such
systems was proved in /6/.

Unlike in the triangular type systems discussed in /4/, the differential operators on
the left-hand sides of (3.6) depends on the parameter n. This particular property makes it
possible to write, in a relatively simple way, the general solution for the systems of dif-
ferential equations in question.

After carrying out the transformations, Egs. (3.6) reduce to the form

(D:: — (pn + In — Vnnn) (DnN + (ann - Ynnngz) ch = (41)
n—1
P ARES NP PR NS NI K

n—1
SE () n=0,1,2,...

After determining @, (§,z) from the first equation of (4.1), we obtain the functions
T,(,2) n =0,1,2,...) with help of the first equation of (3.6).

Since (4.1) can be solved consecutively, it is clear that the general solution of the
n-th equation can be written as follows:

O, (¢ 2) = 2 e (B Ui (& 2) + D* (&, 2)

Y, (8 2) = 2 i ) Uni (8 2) + ¥ (& 2)

=1

where U,; (%, 2) and U,* (§, 2 ({: =1,2,3, 4; j =1, 2) are the fundamental systems of solutions
of the homogeneous differential equations corresponding to (4.1), ¢{), ¢2* are unknown
quantities, and ®@.,* (§,z) and VY. *(f, z) are particular solutions of (4.1). As we said
before, the differential operator of the left-hand sides of (3.6), and hence also of (4.1),
depend on n. It is therefore natural to write the particular solutions in the form of a
linear combination of solutions of the previous equations:

n—l 2

m,l*@,z)::g Sl YarEa) =3 N elUnE2)

The constants éﬁ and AR* are found from (4.1). Taking the latter relations into

account, we can write the general solution in the form

HLJa

@, & Z)=k,§_‘ U i (s 2)s n(E2) = yOZCﬁ'U:i . 2) (4.2)

where Uy (5. 2), Ug* (8, 2) are the fundamental systems of solutions of (4.1) as defined in /6/.
() (i)¢

The constants ¢}, ¢, (k=0,1,...,n—1) are determined, as we have already said by
substitution into (4.1). An important property of the OEP transformation is the fact, that,
irrespective of the form of the right-hand sides of (4.1), i.e., irrespective.of the model of
the medium used, the formula for determining the constants remains the same:

inkd-r— 1, . 9 - . .
ey = (= (TR ek el =280 =12 (43)

The arbitrariness remaining in the definition of (), ¢!* makes it possible to satisfy

the boundary conditions for the quantities required.
It remains to note that everything that has been said about the transformation (2.1) for
x>0, applies. equally to the case x = 0.
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ON THE STABILITY OF RODS FOR STOCHASTIC EXCITATIONS*

V.D. POTAPOV

The stability of motion of an elastic rod in a viscous medium compressed
by a randomly acting force is studied. The conditions of stability of
the rod acted upon by a stationary process with bilinear spectral
density are obtained. The dependence of the statistical moments of the
amplitude of the finite flexure of the rod under stationary-motion
conditions on the parameters of the compressing force and the amplitude
of the initial deformation is analysed. A number of problems concerning
the stability of longitudinal flexure of viscoelastic constructions
acted upon by random loads were discussed in /1-3/.

1. A stationary process with rational-fraction spectral demsity. Let us consider an
elastic rod of length I, hinged at each end and compressed by forces F. The rod is in a con-
tinuous viscous medium and its equation of equilibrium has the form

awlot = —A {EIwY + [Fy + Fy (1) v} (1.1)
Here A 1is the viscosity constant of the material of the medium, F,, F, (1) are the
deterministic (constant with respect to time) componert of the compressive load, and a

random oscillation with zero expectation value. The remaining notation is the generally
accepted one.

Let the deflection of the rod at the initial instant be described by the sinusoid
w (0, x) = f,° sin (kne/l)

We shall seek a solution of {1.1) in the form of such a sinuscid, whose amplitude Ffx (£)
is a solution of the equation

dfyldr + K (1 — &) — Byp (] 7y = O (1.2)
AET A4 Fol? F 2
TEV Y=The. w=adprs Beb(n) = it

(By is a deterministic constant).

Let us assume that the random process (1) is the result of the passage of normal “white
noise” through a linear filter
#*Prikl.Matem.Mekhan., 53,6,1006-1013,1989




